Cartesian closed hull of the category of uniform spaces  by Adámek, Jiří & Reiterman, Jan
Topology and its Applications 19 (1985) 261-276 
North-Holland 
261 
CARTESIAN CLOSED HULL OF THE CATEGORY OF 
UNIFORM SPACES 
Jiii ADAMEK 
Faculty of Electrical Engineering, Technical University of Prague, Czechoslovakia 
Jan REITERMAN 
Faculty of N&ear Science and Technical Engineering, Technical University qf Prague, Czechoslovakia 
Received 10 March 1952 
Revised 2 December 1983 
A concrete category .Z’ is a CCT (Cartesian closed topological) extension of the category Unif 
of uniform spaces if 1. X is Cartesian closed, 2. Unif is a full, finitely productive subcategory of 
X and the forgetful functor of X extends that of Unif and 3. X has initial structures. We describe 
the smallest CCT extension of Unif which is called the CCT hull by H. Herrlich and L.D. Nel. 
The objects of the CCT hull are bornological uniform spaces, i.e. uniform spaces endowed with 
a collection of “bounded” sets related naturally to the uniformity; the morphisms are the uniformly 
continuous maps which preserve the bounded sets. 
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Introduction 
The category Top of topological spaces does not have canonical function spaces. 
This has inspired a theory of extensions of this category. For example, E. Spanier 
[ 151 has introduced the category of quasi-topologies as a suitable extension of Top. 
Here “suitable” is a category which retains the characteristic properties of Top (such 
categories are called top-categories) and has canonical function spaces, i.e. is 
Cartesian closed. The least Cartesian closed top-category extending a given concrete 
category 7” is called the CCT hull of X by H. Herrlich and L.D. Nel [S]. The CCT 
hull of the category Top has been investigated by Ph. Antoine [3], and was concretely 
described by G. Bourdaud [5]; see also A. Machado [Ill. 
The aim of the present paper is to describe the CCT hull of the category Unif of 
uniform spaces. This is the category of so called bornological uniform spaces. These 
are uniform spaces endowed with a bornology, naturally related to the uniformity; 
the morphisms are uniformly continuous maps which preserve bounded sets. The 
horn-object Hom(A, B) of two uniform spaces A, B is their function space with the 
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uniformity of uniform convergence and the bornology of all equicontinuous sets. 
We also describe the CCT hull of the category of metric spaces and uniformly 
continuous maps. 
1. Preliminaries 
1.1. By a concrete category we understand a category Yt equipped with a forgetful 
functor U : X+ Set which is faithful and transportable (i.e. for each object A of Yt, 
and each bijection f: UA + X, X a set, there is a unique object B of YC for which 
an isomorphism 7: A + B exists with f= UT). The objects A of a concrete category 
are written as pairs A = (X, a) where X is the underlying set (i.e. X = UA) and LY 
is a “structure”. The morphisms f: (X, o) + ( Y, p) of 7C are described by the same 
symbols as the underlying maps f:X + Y. Using this convention, we need not 
employ the symbol U explicitly. Moreover, we use harmless conventions like writing 
XL ( Y, p) for a pair consisting of a map f: X + Y and an object ( Y, p), or, saying 
that a map f: (X, (u)+ (Y, /3) is a morphism (which means that f: X + Y is a 
morphism from (X, a) to (Y, p)). 
1.2. A top-category is a concrete category 3” whicfh is 
(a) initially complete, i.e., for each source {XL ( Yi, Pi)}ier (where Z is a set, 
or a class) in YC there exists an initial structure LY on X, which means that each 
f; : (X, a) + ( Yi, pi) is a morphism and given an object (T, 6) and a map h : T + X, 
thenh:(T,S)--,(X,~)isamorphismiffeachJ;.h:(T,6)~(Yi,p,)isamor~hism, 
iEZ; 
(b) well-jibred, i.e., for each set X the collection of all objects A with UA = X is 
a set and, moreover, it is a singleton set whenever card X s 1. The latter expresses 
the fact that a constant map is always a morphism and that there is just one void 
object. 
Remarks. (i) Condition, (a) above is equivalent to the existence of a final structure 
for each sink {(Xi, oi)A Y},,,. This is a structure p on Y such that eachf; : (Xi, Lyi) + 
( Y, /3) is a morphism and given an object (T, 6) and a map h : Y + T, then h : ( Y, p) + 
(T, 6) is a morphism iff each h. f; : (Xi, ai) + (T, 6) is a morphism, i E Z. 
(ii) Surjective morphism,s f: (X, (Y) + ( Y, /3) such that p is final with respect to 
the singleton sink {(X, a) + Y} are called quotients. 
(iii) Let (X, a) be an object of a top-category. For each set Y c X we denote by 
a/ Y the induced structure on Y, i.e., the initial structure of the singleton source 
of the inclusion map {YL (X9 a)). 
Given a collection d of subsets of X, we call a structure CY’ the &jinal modijcation 
of cy provided that a’ is final with respect to the following sink of inclusion maps: 
{(Y, ff/ Y) in X)Yc.& 
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If (Y = cr’, then cr is said to be jinal with respect to ~4. 
1.3. Convention. By a subcategory of a category Yt we shall always mean a full 
subcategory 2 such that, for each object A of 2, all objects, isomorphic with A in 
Y”, are also in 2. Thus, each subcategory of a concrete category Yt is also concrete, 
with the forgetful functor a restriction of that of Yt 
Recall that a subcategory 2 of a concrete category YC is said to be initially dense 
if each object of Yt is initial for some source in 9; analogously, jkzlly dense. 
1.4. The following conditions are proved to be equivalent for each top-category YC 
in [6]: 
(i) YC is Cartesian closed; 
(ii) For each object A of YC the product functor A x - : X+ X preserves colimits; 
(iii) Coproducts are productive (i.e., the canonical morphism 
!I, A X B, + A X U Bi 
,t, 
is an isomorphism for arbitrary objects A and B,(i E I) of YC) and quotients are 
productive (i.e., 1 A xf: A x B + A x C is a quotient for each object A and each 
quotient f: B + C in YL); 
(iv) Each pair of objects A = (X, a) and B = ( Y, /3) of Yt has a canonical hom- 
object, i.e. an object Hom(A, B), the underlying set of which is hom(A, B), with the 
following universal property: for any object C = (Z, y), a map f: Z XX + Y is a 
morphism 
f:CxA-+B 
iff the map j: Z + hom(A, B), defined by 
_?(z)=f(z,-) foreachzEZ 
is a morphism 
f: C + Hom(A, B). 
1.5. We are interested in CCT (Cartesian closed top-) extensions of a given concrete 
category YC. These are defined to be CC? categories 2 such that YC is a finitely 
productive subcategory of 2. Not each top-category has a CCT extension; an 
example can be found in [I]. But, whenever Yt has a CCT extension, then it has a 
smallest CCT extension, called the CCT hull of YC This CCT extension YC*, intro- 
duced by H. Herrlich and L.D. Nel [8], is characterized by any of the following 
equivalent conditions: 
(i) For each CCT extension .9 of Yt there exists a full concrete embedding 
I: X” + 2, the restriction of which to YG is 1.x; 
(ii) YC is finally dense in Yl* and the horn-objects Hom(A, B) with A, B in YC are 
initially dense in Yt”. 
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The following proposition is proved in [S]. 
1.6. Proposition. Let YC be a category with finite products which is a finally dense 
subcategory of a CCT category 2. Let 7C’ be the subcategory of 2 formed by all 
horn-objects Hom(A, B) with A, B in 7”. Then the CCT hull of .7C is the subcategory 
of 2 formed by all initial objects (in 2) of sources in 5°C’. Horn-objects in the CCT 
hull are formed as those in 2. 
2. Bornological uniform spaces 
2.1. Recall from [9] that a bornology on a set X is a collection ti of subsets of X 
such that (i) each finite subset is in S& (ii) if P E &, then Q E L& for all Q c P and 
(iii) if P, Q E Op, then P u Q E J&. The elements of ti are called bounded sets. 
Whenever working with uniform spaces, we always use the definition via 
pseudometrics (see [ 161). 
Definition. A bornological uniform space is a triple (X, LY, 4) consisting of a uniform 
space (X, (Y) and a bornology ~4 on X such that 
(i) (Y is d-final, i.e., (Y contains each pseudometric which is uniformly continuous 
on all bounded sets; 
(ii) ti is a-closed, i.e., d contains each set M c_ X with the following property: 
(*) 
for each pseudometric a in LY and each E > 0, 
there exists a bounded set fi E ti such that 
a(x,fi)<e foreachxE M. 
Notation. We denote by BUnif the category of bornological uniform spaces. Its 
morphisms from (X, (Y, a) to ( Y, /3, 93) are those uniformly continuous maps 
f: (X, a) + ( Y, /3) which preserve bounded sets, i.e., P E & implies f(P) E 9% 
We consider Unif as a subcategory of BUnif by identifying each uniform space 
(X, a) with the bornological uniform space (X, (Y, exp X), where exp X = 
{Y; YCX}. 
Remark. If we replace “I? bounded” by “I? finite” in the above condition (*), 
then the sets M, satisfying this new condition, are precisely the precompact sets in 
(X, a). Therefore, the bornology of each bornological uniform space contains all 
precompact subsets. 
2.2. Proposition. BUnif is a CCT category. 
Remarks. (i) In the course of proof we shall see that the horn-object of two 
bornological uniform spaces B = (Y, /3, 3) and C = (Z, y, %‘) is the following space 
Hom( B, C) = (hom( B, C), o, 9): 
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Y consists of those sets PC hom(B, C) which are 
(a) equicontinuous, i.e., for every pseudometric cs 1 in y, the pseudometric 
cp(x, Y) = sup c(f(x),foJ)), (x, Y E Y) 
fiP 
belongs to p, and 
(b) equibounded, i.e., for each Q E 93 we have UrEpf(Q) E %‘: 
and (T is the Y-final modification of the uniformity of uniform convergence on 
bounded sets. 
(ii) The following assertion is easy to prove (and can be considered as a folklore): 
given uniform spaces A, B and C, a map f: A x B + C is uniformly continuous iff 
(a) j(A) c hom( B, C) is an equicontinuous family (for 7 see 1.4) and 
(b) f: A + hom( B, C) is uniformly continuous with respect to the uniformity of 
uniform convergence on hom( B, C). 
Proof of the proposition. 1. Initial completeness of BUnif. Let {f;:X+ 
(X,, cr,, d,); i E I} be a source in BUnif. Let JZZ be the bornology {P c X;f;(P) E &i 
for every i E I}. Let (Y be the d-final modification of the initial uniformity of the 
source {J; : X + (X,, czz) ; i E Z} in Unif. First we shall prove that ti is a-closed. Let 
M c X be a set such that for every a E a and every F > 0 there is 16 E & with 
a(x, M) < E for x E M. For every i E I and ai E (Y,, the pseudometric a(x, y) = 
a,(f;(x),f;(y)) belongs to (Y. Hence, for every E >O there exists l6~ d with 
a;(f;(x),J(fi)) < F for all XE M. As f;(M) E &, it follows from the a,-closedness 
of di thatJ( M) E &,. Thus, M E ti. Hence, (X, (Y, ti) is a bornological uniform space. 
Second, each J; : (X, LY, a) + (X,, (Y,, &) is a morphism. This follows immediately 
from the definition of (X, LY, a). 
Third, let g : Y + X be a map such that every f;. g : ( Y, & 95’) -+ (X,, (Y,, &) is a 
morphism. Then P E 93 impliesA(g( P)) E tii( i E I), and hence, g(P) E &. Also, every 
f;. g is uniformly continuous on every P E 24 and thus, g is uniformly continuous 
on P with respect to the initial uniformity on X defined by the source {f;:X+ 
(X,, (Y,); i E I}. Since we know that g(P) E 4, it follows that g is uniformly continuous 
on P with respect to the uniformity (Y on X. As ( Y, /3) is ?&final, we conclude that 
g is uniformly continuous on all of (Y, /3). Thus g: (Y, p, 33) +(X, (Y, a) is a 
morphism of BUnif. 
2. Finiteproducts. The product (X, a, a) x ( Y, p, 93) of two bornological uniform 
spaces has the underlying set X x Y, its bornology (e consists precisely of all subsets 
of products P X Q (P E &, Q E 93) and its uniformity is the %-final modification of 
the product uniformity (X, (Y) x ( Y, /3). This follows from the preceding description 
of initial structures. 
3. Horn-objects. (A) First, we shall verify that the horn-objects, as described in 
Remark (i), are bornological uniform spaces, i.e., that Y is u-closed. 
Let M c hom( B, C) be a set such that for every pseudometric s E c and every 
e > 0 there exists an equibounded and equicontinuous set fi c hom(B, C) with 
s(f; A?) < E for all f E M. Then we shall prove that M is equibounded and equicon- 
tinuous. 
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Let QE 9% For every pseudometric c E y with c < 1, consider the.pseudometric 
s E u defined by 
s(f, 8) = “,uop c(f(x), g(x)). 
Given F > 0, we have an equibounded and equicontinuous set 6l such that s(f; fi) < 
E for fE M. Then for each f~ M there exists glE 16 with c(f(x), gf(x)) < e for all 
x E Q. Hence, c(f(x), gr(Q)) < E for all x E Q. Thus, c(f(x), 0) < E for all x E Q 
and f E M, where Q = lJraM g,-(Q). As I’? is equibounded, we have Q E %? and 
therefore, {f(x);f~ M, XE Q}E % by the y-closedness of %. Hence, M is equi- 
bounded. 
Further, since G is equicontinuous, the pseudometric 
CA& Y) = sup UX),S(Y)) 
/El6 
belongs to p. For x, y E Q and f~ M we have 
c(f(x),f(y)) s c(f(x), gl-(x))+ c(gf(x), g,(y))+ C(&(Y),f(Y)) 
<& + c&%(x, Y) + E. 
It follows that c,(x, y) = supftM c(f(x),f(Y)) < CR(X, y)+2a for x, y E Q. Since 
neither c,(x, y) nor c~(x, y) depends on E, we have c,(x, Y) s c~(x, y) for x, y E Q. 
Hence, cM is uniformly continuous on Q. Since p is B-final, this implies cM E /3, 
i.e., M is equicontinuous. 
(B) We shall prove that for arbitrary bornological uniform spaces A = (X, a, d), 
B=(Y,p,%), C=(Z,y,%), amapf:AxB + C is a morphism iff / (defined by 
I( a) =f( a, -)) is a morphism, f: A + Hom( B, C), see 1.4(iv). 
First, let f: A x B + C be a morphism. Then for arbitrary P E d and for every 
Q E 9 we have f( P x Q) E %f. Hence, lJ,,p j(p)(Q) =f(p x Q) E %, i.e., j(p) is 
equibounded. Also by Remark (ii) above, the uniform continuity off: P X Q+ C 
1 ,. 
implies the equicontinuity off(P) on Q. Since p is B-final, f(P) is equicontinuous. 
Hence, f: A + Hom( B, C) preserves bounded sets. Further, the uniform continuity 
off: P X Q + C for all Q E 3 implies the uniform continuity of f: P + hom( B, C) 
with respect to the uniformity of uniform convergence on bounded sets on 
hom( B, C), and therefore with respect to a, because p(P) E 9. Hence, f: A+ 
Hom(B, C) is a morphism. 
Second, let j: A + Hom( B, C) be a morphism. Then for every P E d, the set p( P) 
is equibounded, i.e., f( P x Q) = UPC IXf( p)( Q) E % for all Q E 3, and hence, f 
preserves bounded sets. Also, f(P) is equicontinuous and f: P-2 hom( B, C) is 
uniformly continuous with respect to the uniformity of uniform convergence on 
bounded sets on hom( B, C) and thus, f: P x Q + C is uniformly continuous. Hence, 
f: A x B + C is a morphism. The proof is finished. 
2.3. The key of the proof of our main result below is the fact that each bornological 
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uniform space is initial for some source of horn-objects of uniform spaces. We 
formulate this as a separate lemma. 
A bornological uniform space (X, (Y, a) is said to be metrizable if there exists a 
metric d such that (Y is the &‘-final modification of the uniformity induced by d. A 
subspace of a bornological uniform space (X, LY, Sp) is a space (Y, p, 6%) where 
Y c X, 93 = &n exp Y and p is the B-final modification of CY/ Y 
We denote by Z the segment (0, 1) with its usual uniformity. 
Lemma. Each metrizable bornological uniform space A can be embedded into 
Hom(A*, I) for some uniform space A*. 
Proof. Let A = (X, a, a) and let d be a metric such that d d 1 and (Y is the d-final 
modification of the uniformity induced by d. Each bounded set ME ~2 defines a 
pseudometric dM on exp X -{I?} (the set of all non-empty subsets of X), where 
dM(T,S)=O if T=Sor TnSxM 
and 
dM( 7” S) = 1 otherwise. 
Note that d M1 u M2 = max(d,,,,,, d& and thus, the collection {d, ; ME ~4 is a base 
of a uniformity y on exp X - (0). Put A* = (exp X -{0}, y). For each x E X, the 
distance map 
e(x):expX-{0}-+Z 
defined by 
c(x)(T) = d(x, T) 
is uniformly continuous from A* to I. Indeed, for every F > 0 and for 6 = l/2, 
d,,,( T, S) < 6 implies le(x)( T)- e(x)(S)1 < E. 
Thus, we get a one-to-one map 
e : X + hom(A*, I). 
We shall prove that e is an isomorphism of A onto the subspace of Hom(A*, I) 
whose underlying set is e(X). 
By Remark (i) above, Hom(A*, I) = hom((A*, I), V, 9’) where 9’ is the collection 
of all equicontinuous subsets of hom(A*, I) and (T is the Y-final modification of 
the uniformity of uniform convergence. Thus, Hom(A*, I) is metrizable by the 
following metric d^ on hom(A*, I): 
&J’, g) = sup If(x) - g(x)l. 
xtX 
To prove that e is an isomorphism, it suffices to verify the following: 
(i) A set M G X is bounded iff e(M) is equicontinuous; 
(ii) (Y is the initial uniformity of {X s (hom(A*, I), a)}. 
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Ad.(i) If M E d, then the pseudometric d, has the following property: for each 
map d(x, -)E e(M) where XE M, 
dM(T,S)<i implies T=Sor TnSx M 
and therefore, d (x, T) - d(x, S) = 0. Hence, e(M) is equicontinuous. 
Conversely, if e(M) is equicontinuous, we shall prove that M has the property 
(*) of 2.1. For each F > 0, the equicontinuity of e(M) guarantees the existence of 
6 > 0 and a pseudometric d ,,Y, (where fi E 4) such that for S, T E exp X -{(i?}, 
dG(S, T)<6 implies le(x)(S)-e(x)(T)I<& forxe M. 
In particular, for S = & T = X we get 
le(x)(S)-e(x)(T)I=jd(x, fi)-Ol<e forxc M. 
Then M E J& because ti is a-closed. 
Ad.(ii) Since (Y is d-final, it suffices to prove that for each PE & the uniformity 
a/P is initial for {P 5 (e(P), u/e(P))}. By ( ) i we know that e(P) is an equicon- 
tinuous set, hence, o/e(P) is the uniformity of uniform convergence on e(P). Thus, 
a/P is metrizable by d and a/e(P) is metrizable by 2. Since, for arbitrary x, y E X, 
d(x, y) = 2(4x), e(y)), 
clearly a/P is initial. 
2.4. Theorem. BUnif is the CCT hull of Unif. 
Proof. It is clear that Unif is finally dense in BUnif: each bornological uniform 
space (X, a, &) is a final object (in BUnif) of the sink of all inclusion maps from 
(P, (Y/P, exp P) into X(PE a). 
By 1.6, we have to prove that every bornological uniform space is an initial object 
of a source of horn-objects of uniform spaces. Let A = (X, a, &) be a borFologica1 
uniform space. It is sufficient to prove that A is initial for a source {X ---& B,} of 
metrizable bornological uniform spaces. (By Lemma 2.3, for each j there exists an 
embedding ej : B, + Hom( B, , * I). Clearly, A is initial for the source 
=, J, 
ix--+ Hom(B:, 01.) 
For each pseudometric a E (Y denote by -,, the equivalence on X defined by x--,y 
iff a(x,y)=O; letf,:X+X/-_. be the canonical map and let pa be the uniformity 
on Xl-,, defined by the metric E(x, y) = a(f,‘(x),f;;‘(y)). Further, let %‘a be the 
following bornology on Xl-,: 
Then the bornology B5,, obtained from %‘a by adding all M such that for each E > 0 
there exists 2 E B3, with a(x, 2) < E for all x E M, is obviously /3,-closed and so 
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it is pa-closed where p0 is the a3,-final modification of /Ia. Put B, = (Xl-,, pa, g,). 
Then A is initial for the source 
1X L+ &I),,,. 
Indeed, P E ti implies fO( P) E gO. Conversely, if fa( P) E g3, for each a E a, then 
PE L&! (because P has the property (*) of 2.1). The uniformity (Y is clearly initial 
(in Unif) for the source 
u 
{X ’ - (Xl-,, Pa)laca. 
Since, moreover, cy is d-final and, for each P E &, the uniformities Pa and /?0 
coincide on fO( P), it is clear that (Y is also initial for the source 
{X r” - (Xl-,, L)},,,. 
3. Bornological metrically generated spaces 
3.1. We are going to describe the CCT hull of the category Met of metric spaces 
and uniformly continuous maps. Actually, we consider two metric spaces identical 
if they induce the same uniformity, thus, Met is, more precisely, the category of 
metrizable uniform spaces. (Otherwise, we would lose transportability, see 1.1.) 
The coreflective hull of Met in Unif is the category Metg of metrically generated 
uniform spaces. These are quotients (in Unif) of sums of metric spaces. We are 
going to prove that Met and Metg have the same CCT hull. The advantage of Metg 
is that it is a top-category. 
3.2. Definition. A bornological metrically generated space is a triple (X, (Y, a) consist- 
ing of a metrically generated uniform space (X, (.y) and a bornology &’ on X such 
that 
(i) cr is &-final (in Metg); 
(ii) & is strongly a-closed, i.e., LY contains each set M s X with the following 
property: 
for each pseudometric a in (Y, each e > 0 and each 
(*) 
infinite set M, G M there exists a bounded set G, E i72 
such that for infinitely many points x E MI we have 
a(x, k,) < F. 
Notation. We denote by BMet the category of bornological metrically generated 
spaces. Its morphisms are uniformly continuous maps preserving bounded sets. 
Metg and Met are considered as subcategories of BMet via the trivial bornology 
(in which each set is bounded). 
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3.3. Theorem. BMet is the CCT hull of Met. 
Proof. Denote by 3 the subcategory of BUnif consisting of all (X, (Y, &) such that 
(X, LY) is in Metg and (Y is d-final in Metg. Then 3 is coreflective in BUnif: the 
Z-coreflection of a bornological uniform space (X, (Y, &) is (X, (Y’, a), where LY’ is 
the final uniformity of the sink of inclusion maps {P + X; P E a}, where P is 
equipped with the Metg-coreflection of the subspace uniformity. Further, 9 is closed 
in BUnif under finite products; this follows from the description of finite products 
in BUnif (see 2.2) and from the fact that the Metg is closed in Unif under finite 
products [lo]. It follows that .Z is a CCT category, and initial objects and horn-objects 
in 3~’ are Z-coreflections of those in BUnif, see [ 121. 
Met is finally dense in 3: each object (X, (Y, ti) in 3 is a final object of the sink 
{(P, ffllC exp P) in WP~.~ 
of inclusion maps, where a[P means the Metg-coreflection of the subspace uni- 
formity on P. Each (P, a/P, exp P) is a final object of a sink 
f, 
{(Xi, %, exp xi) - PI ,cIul(P,~,ex~P)~PPJ 
where S is the (metrizable!) discrete uniformity and 
is a sink in Metg whose final object in Metg is (P, a/P). 
Using Proposition 1.6, we shall prove the theorem by verifying that an object A 
of 3 is in BMet iff A is an initial object (in 3) for some source of horn-objects of 
metric spaces. 
1) First, for each bornological metrically generated space A = (X, a, d) we shall 
exhibit a source of horn-objects of metric spaces, the initial object of which is A. 
To this end, we use the fact that Met is initially dense in Unif; thus, there exists a 
source 
of metric spaces H, such that (X, a) is its initial object in Unif and, consequently, 
in Metg. We are going to enlarge this source to “catch” the bornology &. 
ConsiderI=(O,l)andN={l,~,~,...} as subspaces of the real line with the usual 
metric. Recall from 2.2, Remark (i) that, in BUnif, 
Hom( N, I) = (hom( IV, I), V, Y’), 
where Y is the collection of all equicontinuous sets and u is the Y-final modification 
of the uniformity of uniform convergence on hom( N, I). Since the latter is metrizable 
.I. Addmek, J. Reiterman / The category of uniform spaces 271 
by the metric 
d(J;g)=sup{lf(llk)-g(llk)l;k=l,2,3,...}, 
(hom( N, I), a, 9’) is in 6p and serves as a horn-object of N and Z in 2. 
For each non-void set M E exp X - & we use the fact that M does not satisfy (*) 
of 3.2: we choose a pseudometric a E CY, a number F > 0 and an infinite subset 
M, c M such that 
is a finite set for each R E d Of course, a can be chosen in such a way that a s 1 
and, without loss of generality, F = 1. Moreover, since M is not precompact (see 
Remark 2.1), it contains a countable infinite uniformly discrete subset. Replacing 
M, by this subset, we can assume that 
M, = {mr, m2, m3, . . .I 
where a( m,, mj) = 1 whenever i Zj. Then for each R E ~4 there exists k. such that 
x E R and k Z= k, imply a(x, {m,, mk+,, mk+>, . . .}) = 1. 
For each x E X denote by fx : N + Z the map defined by 
.L(llk) = a(.% {m,, mk+l, mk+2,. . .)). 
Then f is uniformly continuous, in fact, for each set R E sd the collection {fx; x E R} 
is equicontinuous. All this depends on the non-empty set M E exp X - &; define a 
map 
p,:X+hom(N, I) 
by 
PM(X) =.L 
This map preserves bounded sets: R E .d implies P~( R) E 9’. It is also uniformly 
continuous, in fact, a contraction: for each x, X’E X we have 
~(~,(x),~~(x’))=supl.L(llk)-.L~(llk)l~4x,x’). 
Thus, pM : A + Hom( N, I) is a morphism in BMet. 
We claim that A is the initial object of the following source: 
{X ‘? - ZU,,, u {X - pw Hom(N, Z)}M~~~~,,X~.~~. 
Indeed, each h, and pM is a morphism from A. The first subsource determines the 
uniformity of A. Thus, if suffices to check that, given R G X, 
R E .d iff p,,,,( R) is equicontinuous for each M E exp X - ~4. 
This is obvious: we have observed already that R E .d implies that p,(R) 
is equicontinuous for all M E exp X - A ; if R & d’ then p,(R) fails to be 
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equicontinuous since for each k, 
I~tx(m,Nllk+ I)-p,x(mk)(lIk)l= 1. 
Thus, given s>O, any k>l/S has the property that 11/k-l/(k+I)1<6 yet, the 
values of PR(mk)<pR(R) at l/k and l/(k+l) have distance 1. 
2) Conversely, let A be an initial object of a source of horn-objects of metric 
spaces. To prove that A’is in BMet, it suffices to show that BMet is closed under 
initial objects in 5’ and contains all horn-objects of metric spaces. 
(a) Initial objects. Let (X, a, &) be the initial object (in 2) of a source 
of bornological metrically generated spaces. We shall prove that & is strongly 
a-closed. Let M c X have the property (*) of 3.2. To prove that ME ~4, it suffices 
to verify that, for each i E I, alsof;( M) has the property (*) with respect to ( Yi, pi, 9,). 
Let b E pi, E > 0 and.M, GA(M) be given, with M, infinite. Choose a set M2 c M 
such that M, =f;(Mz) and f; is one-to-one on M2; define a pseudometric a on X 
by a(x, x’) = b(f;(x),f;(x’))-clearly a E a. Since M has the property (*), there exists 
fi, E ti such that a(x, fi2) < e for infinitely many x E MZ. Then the set G, =f;( GZ) E 
3, has the property that b(f;(x), G,) < e for infinitely manyJ(x) E M,. This proves 
that f;(M) E 93; for each i E I. Thus, ME &‘. 
(b) Horn-objects. Let A, B be two metric spaces, A = (X, a), B = (Y, p), where 
(Y and p are induced by metrics a and 6, respectively. 
We have Hom(A, B) = (hom(A, B), a, 9’) where Y is the set of all equicontinuous 
sets and v is the y-final modification of the (metrizable!) uniformity of uniform 
convergence. So we have to prove that any set ME hom(A, B) satisfying (*) of 3.2 
is equicontinuous; that is, for each E > 0, we are to exhibit 6 > 0 such that a(x, x’) < 6 
implies b(f(x),f(x’)) < E for allfE M. Assume that, to the contrary, for each 6 = l/n 
(n = 1,2,3.. .) there exist x,, X:E X and fn E M such that a(x, x’)< l/n, yet, 
b(fn(xn),fn(xL)) 2 6. Then M’= {fi.fi,_&, . . .} is an infinite set (indeed, each _& is 
uniformly continuous, hence, fn =fk cannot hold for infinitely many k’s). We can 
assume b G 1 and then we denote by d the usual metric inducing the uniformity of 
uniform convergence, 
d(f, g) = SUP b(f(x), g(x)). 
xcx 
By virtue of (*) in 3.2, there exists an equicontinuous set M, G hom(A, B) such that 
d(fn, M,) < ~13 holds for infinitely many indices n; thus, for each of these n we 
have a g, E M, with d(fn, g,) < s/3. Then b(g,(x”), g,(0) 2 b(Sn(x,J,_Ux’n)) - 
b(f,(x,), g,(x,))- b(fn(xL), g,(xL))> s/3. Then the set of these g, E M, is not 
equicontinuous, in contradiction to the equicontinuity of M,. This concludes the 
proof of the theorem. 
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4. A general construction 
4.1. The basic property of the category Unif which makes a construction of a CCT 
extension of the above type possible is that quotients are productive (see 1.4.(iii)). 
More in general, we present a construction of a CCT extension for each top-category 
with productive quotients. It follows that such a category always has a CCT hull 
(which need not be the case for an arbitrary top-category, see [l]). A similar 
construction sketched by L.D. Nel [ 131 seems unfortunately not to be quite correct. 
Convention. Let (X, a) and ( Y, p) be objects of a concrete category. Put 
(X,a)c(Y,P) 
if X s Y and the inclusion map in: X + Y is a morphism, in: (X, a) + (Y, p). In 
case X = Y, (Y is said to be finer than /3. 
4.2. Construction. Let Yt be a top-category with productive quotients. Denote by 
AYt the following concrete category. 
Objects are pairs A = (X, 91) where X is a set and ?X is a collection of objects of 
7C such that 
(i) the underlying set of each A’E ?I is a subset of X ; 
(ii) if A’E ‘8 and A”L A’, then A”E 91; 
(iii) each object with an underlying set {x}, x E X, is in $3. 
Morphisms f: (X, 90 * ( Y, (3) are maps f: X + Y such that for each A’ E %!I there 
exists B’E 58 for which f: A’+ B’ is a morphism in Yt (We denote domain-range 
restrictions off by f again.) 
Remark. We consider YC as a subcategory of AYt, by identifying each object A= 
(X, a) of 5”t with the object (X, 91) of AYC where 
91={B~Yt; B&A}. 
4.3. Proposition. For each top-category Yt with productive quotients, AYC is a CCT 
extension of Yt in which YC is$nally dense. 
Remark. We can state explicitly what the horn-objects in AYC are. Given objects 
A = (X, 91) and B = ( Y, %) in AYL, denote by 9 the set of all objects D’= (T’, 6) in 
Yt such that 
(a) T’c hom(A, B); 
(b) for each A’ E ‘2l there exists B’ E Q? such that the evaluation map ev( g, x) = g(x) 
defines a morphism 
ev: D’xA’+ B’ 
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We shall prove below that 
Hom(A, B) = (hom(A, B), 9) 
is a canonical horn-object for A, B in AYL 
Proof. A) AYC is a top-category. Indeed, AYC is obviously well-fibred. For each 
source 
{X L - (K, Bi))El 
denote by 41 the collection of all objects A’ of YC with the following properties: 
- the underlying set of A’ is a subset of X; 
_ for each i E I there exists Bi E $23, such that f; : A’+ B: is a morphism in YL 
Then 2 is the initial structure of the given source: it is easy to see that (X, 2) is an 
object of AYC and that J; : (X, 3) + ( Y,, $23,) are morphisms of AYl, for all i E I. Thus, 
it suffices to show that for each object (T, 9) of AYt and each map h : T + X such 
that all J;. h are morphisms, i E Z, of A’YC also h is a morphism, h : (T, 9) + (X, ‘21). 
For each D’= (T’, 6) in 9 denote by A’ the final object of the singleton sink 
{(T’, 6) %X}. Then h : D’-+ A’ is a morphism in Yt; let us verify that A’E %. We 
know that for each i E I there exists B: E 2?, such that J;. h : II’+ B: is a morphism 
in X. It follows that f; : A’+ Bi is a morphism in Yt (since A’ is final), hence, A’E $8. 
B) AYC is Cartesian closed, with horn-objects as described in the preceding remark. 
Indeed, the finite porduct of two objects C = (Z, K) and A = (X, \)I) is the following 
object 
CxA=(ZxX,KO‘%) 
where 
KO%={DEYC; DcC’xA’forsome C’EE,A’E~~}. 
This follows easily from the above description of initial structures. Now consider 
arbitrary objects 
A = (X, \zI), B=(Y,%) andC=(Z,Cr) 
and an arbitrary map f: Z XX + Y. 
If f: C X A + B is a morphism, we shall prove that r: C + Hom(A, B) is a morph- 
ism. For each (C’, y) E 6 put D’ = f( C’) and let (D’, 6) be the final object of the 
singleton sink {(C’, y) 2 D}; it suffices to prove that (D’, 6) E 9. For each (A’, a) E 
91 we have (C’, y) x (A’, a) E 6091, hence, there exists (I?‘, p) E $23 such that 
f: (C’, y) x (A’, ct) + (B’, /?) is a morphism. The following triangle 
CC’, Y) x(A’, a) -L (B’,P) 
(o(sj x(A’, a) 
J. Ada’mek, J. Reitermnn / The category of uniform paces 275 
obviously commutes. Since f: (C’, y) + (D’, 6) is a quotient in Yt and quotients in 
Yt are productive, we conclude that 7 x idA is a quotient in YL Hence, the fact that 
A 
ev . (f x idA) is a morphism implies that ev : (D’, 6) x (A’, a) + (B’, p) is a morphism. 
This proves that (D’, 8) E 91. 
Conversely, if f : C + Hom(A, B) is a morphism, we shall prove that f: C X A + B 
is a morphism. For each (T’, T) E C@?I there exists (C’, y) E (5 and (A’, a) E ‘?I with 
(T’, T) c (C’, y) x (A’, a); it suffices to show that there exists (B’, /3) E B such that 
f: (C’, y) x (A’, a) + (B’, p) is a morphism in Yt We know that for (C’, y) there 
exists (II’, 8) E 9 such that f: (C’, y) + (D’, 6) is a morphism in Yt Since (D’, 6) E 9, 
for(A’,a)thereexists(B’,p)E~suchthatev:(D’,6)x(A’,a)~(B’,P)isamorph- 
ism in YC. Finally, the triangle above commutes, hence, also f: (C’, y) x (A’, 0) + 
(B’, /3) is a morphism in YC 
C) The embedding of Y’ into AYC (Remark 4.2) is full, concrete and finally dense. 
Indeed, each object (X, VI) is the final object of the following sink of inclusion maps: 
{(X’, a) L X)(x,,rr)i?l. 
And any full, concrete and finally dense embedding of a top-category is easily seen 
to preserve finite products (in fact: all initial objects). Thus, AYC is a CCT extension 
of YC This concludes the proof. 
Corollary. Each top-category Yt with productive quotients has a CCT hull: the sub- 
category of AYC formed by all initial objects of sources 
{X ‘; - HWA,, B,)) 
with each A, and B, in Yt 
4.3. Going a little further, assume that Yt has (besides productive quotients) a 
structure (T on each hom(A, B) with the following property (resembling that of the 
uniformity of uniform convergence, see 2.2(ii)): 
If (M, p) is an object for which A4 c hom(A, B) and the 
evaluation map is a morphism, ev: (M, t.~) + B, then p is finer 
than u/M, and also ev: (M, CT/M) + B is a morphism. 
Then YL has a smaller CCT extension than AYC. Denote by A*YC the category of all 
triples (X, (Y, a), where (X, a) is an object of YL and zz2 & exp X such that LY is final 
with respect to the sink of inclusion maps {(P, n/P) + X} for all P E SL Morphisms 
f: (X, (Y, &) + ( Y, p, 93) are those morphisms f: (X, cy) + ( Y, p) in YL which full3 
f(P) E CZl for each P E .d. 
A*Yt is a CCT extension of YL The horn-object Hom(A, B) of two objects of Yt is 
(hom(A, B), qOl Y), 
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where 9’ is the set of all M G hom(A, B) for which ev : (M, u/M) -+ B is a morphism, 
and cO is the Y-final modification of w. 
If Yt has, in addition, productive finite coproducts, then the full subcategory of 
A*X consisting of all (X, (Y, a) for which & is a bornology is a CCT extension, too. 
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